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A tourin « lineland »

 Worse than 'Flatland'

éfﬁ%ﬁ;ﬂﬂ « One dimensional systems
el };"—; are very peculiar : from the
S ormi Do j: traffic jam problem to the
5" e ~ Tonks classical model for
~ hard rods

e Particles cannot circumvent each other
e [ncreased effect of interactions



Plan

One-dimensional quantum gases : experimental
realizations and essential facts

\Y
Interacting bosons on a ring: <

— persistent currents

— macroscopic superpositions of current states

Interacting bosons in harmonic trap

— dipole modes in a split trap

—a |




One-dimensional quantum
systems : definition

* Cylindrical geometry

* Very large transverse
confinement

Realization : 2D optical
lattices  All energy scales
@ smaller than
transverse energy

=700/ w, kgl < hw,



Interactions in 1D quantum gases

e |nteractions due to e Effective 1D interactions
atom-atom collisions
v(xr) = go(x)

(short range, s-wave
scattering length) haﬁwﬁl —0.4602 as/cu)‘l

» Hamiltonian (Lieb-Liniger)
h* O°
H:Z | V(:E@)—FQZ(S(:E@—ZEJ-)

2m Ox? —
: 1<

* Dimensionless interaction strength :
_ 2,2
v = gn/(h*n*/m) interaction energy/kinetic energy



One-dimensional quantum gases:
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Important quantum Fluctuatlons in 1D

* No Bose-Einstein condensation in S | gl ool
uniform 1D system — phase e i Q ﬁ
fluctuations increase at increasing I HTAYIE B IR B
interactions s "

- ! (e ! \ l *] v, I jw |

pi(x,a’) = (U(2)P(a")) — v — o/[12K e I i

l | Hannover, 2001

e Duality : density fluctuations s

decrease at increasing interactions Nl VK .

(p(2)p(0)) ~ || 725

K = Luttinger parameter,
depending on interaction strength

« Strongly interacting TG regime reached
In experiments with ultracold gases

M. Cazalilla, JPhysB 2001



Line diagram for 1D bosons

* Weak interactions: » Strong Iinteractions:
a condensate with fermionization
fluctuating phase

interaction strength

* No phase transition in uniform wires

» But very different behaviour from weak to
strong interactions



The weakly interacting regime::
Gross-Pitaevskii equation

* Mean-field description of a Bose gas
with ‘condensate wavefunction' &(x, t)

| n°v?2

iho,d = D+ V. ® + g|P|D
2m /4 V\
External confinement Interactions

* Nonlinear Schroedinger equation: superfluidity,
solitons...

* Even in the dilute regime Eint/Ekin<<1, under external

confinement/disorder the interactions are important
[Baym-Pethick, Stringari]



Intermediate interactions:
Luttinger liquid theory

* Quantum hydrodynamics, low-energy theory
for the superfluid phase (,D

and the density fluctuation 0.0

ho.

H A K (0,0)? + — (0,6
[ R0 oy

* Sound velocity and Luttinger parameter
(>compressibility) from the microscopic theory

* Phonon excitation spectrum: valid at intermediate
and large interactions



Strong interactions : the
Tonks-Girardeau gas

* Infinitely strong repulsions
mimick Pauli principle

wavefunction

» Exact solution [Girardeau, 1960]

mapp”']g Onto a Ferml gaS 0 : ’lzrele{tiveocoolrdinéate
Up(2y,....,xn) = Adet|o;(xe)] ... .also valid for:
o * Inhomogeneous systems
wit « finite-temperature properties

A = Ili<;j<o<nsign(z; — x,) *out-of-equilibrium dynamics

No length scale associated to interactions : scale invariance



Fermionic properties

_ _  Green's function method
* The density profile for large N

coincides with the

one of a Fermi gas

[P Vignolo, AM, MP Tosi (2000)]

density profile

. Also density-density ~* Pynamic structure factor

correlations are .
fermionic 3 AT

95} 4

h 1 1
P
T T

[P Vignolo, AM, MP Tosi (2001)]



Bosonic properties

* One-body density  Momentum
matrix distribution

p1(x,y) = (T ()W (y)) n(k) = fd:l:dy éi'ik(x_y)ﬂl(iﬁz y)

In harmonic trap :

40 . . |

* not a Bose-Einstein f n ]
condensate : ]
v/ N occupancy of |[k=0> <

c-

( - Technical point : analytical Aﬁ&} _
simplifications reduce a many-body oL 5 0 : :

integration to simpler form) . oo ‘ .. K
osonic vs rermionic




1D interacting Bose gas with a barrier

. An mteractlng fluid adjusts In proximity of a barrier :

f//\\

Distance

— healing of a Bose-Einstein
condensate near a wall

m%mw‘

zoom -

To1seety
}

0

—
bo

Density profile

I
. Y |
-

— Friedel oscillations of a Fermi
gas near an impurity
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Distagpce
— a moving barrier drags the fluid

— In an infinite, interacting system, the barrier may be
very important or negligible depending on interaction
strength [Kane and Fisher] — barrier renormalization



Strongly interacting bosons on a
ring under a gauge field (stirring)

(b) ©)

e Rotation : an artificial gauge field for neutral atoms

H=35-(p— A"+ Vear + Uppy




Persistent currents

» Ground state energy in presence of gauge field ?
— periodicity of energy levels

no barrier : Leggett's theorem with barrier : coherent mixing of
angular momentum states

o0
=
)
=
m L

artificial Gauge field

» Persistent currents : definition 7(2) = 271m 6%(2 )
. I/N+()
O'Is/.ﬁi\;:::::i:]‘"::::::: mOVIng fra‘me 7 eak bartier %
S N e s g
Orecgres T \\ / 0.5;
) — lab frame b)
s s ol 1 =55 o 1Y



Exact results at zero and infinite
Interactions

* Density profiles along the
ring : Friedel oscillations
at strong interactions

Densmc/: profile
S
E

i _ 01! A=95.5
a signature of the strongly . ©) ) ¥ A=1.9
correlated regime - " Distance x/R "
)
2 10
« Amplitude of s 08 =10
persistent currents : £.%° ?
at large interactions, S 2;
. . ) .
effective barrier 2 00 |
S 0.0010.01 0.1 1 10 100 1000

Uess = Uy/N y
Interaction strength



Weakly interacting limit

e Neglect quantum fluctuations : Gross-PitaevskKi
eauation

(i 220V )+ Upd(2)® + g|OPD = pudb

2m

(- new soliton solution in
terms of Jacobi elliptic
functions)

* The soliton is pinned by
the barrier — ground state

* Phase slips at the position
of the barrier

A Distance x/R



Weakly interacting limit

e Neglect quantum fluctuations : Gross-PitaevskKi
eauation

* iy ) 2 X |
b ( 9. QL Q) O+ Upd(x)P + g|P

. 2d —
2m bz b = f 1P

(- new soliton solution in )\ 02}-8_:? E
terms of Jacobi elliptic S < .
functions) —0.1)
. .. a)
e The soliton is pinned by L

the barrier — ground state

=107

* Phase slips at the position
of the barrier

urrent amplitude
o
oo

=25

.
T

0.2

Classical screening of the
barrier (too large??)

YoT00T 01 T 10100 1000
Interaction strength

Persitent c



Strongly interacting limit

 Luttinger liquid theory : quantum fluctuations
renormalize the barrier strength [/ 4 = Uo(d/L)K

» At increasing interactions, density fluctuations
renormalize the barrier less and less

— (duality) : phase fluctuations are more and more
Important at increasing interactions



Strongly interacting limit

 Luttinger liquid theory : quantum fluctuations
renormalize the barrier strength [/ 4 = Uo(d/L)K

» At increasing interactions, density fluctuations
renormalize the barrier less and less

— (duality) : phase fluctuations are more and more

Important at increasing interactions
o A" """ Optimal persistent current at
0.8} 197 intermediate interactions :
'530'65 :
04 e . competition of classical
0.2} | screening and quantum

Yoroo1 0.0 1 10 100 1000 [uctuations
Y



Arbitrary interactions and barrier
strengths

» Persistent current amplitude : all the analytical results

+ numerical (DMRG)

o o o
= & 00

Persistent current amplitude
o
b

1.0,

0.001

Luttinger
_ Liqgid theory
-Gross-Pit l ;|' t \{.} :
-aevskKii DMR :}n}i —
I ¢ 7 R Eos T
o : 4 1
R o ] l% {Ii‘i - —-E-?_
pres=? s = {i A=19.1
| A T
|_---f'-'--'- .o"".'. } _H*F;;
0.01 0.1 1 10 100 1000
.Y
Interaction strength

Increasing
barrier strength

Tonks-Girardeau

[M. Cominotti et
al, PRL 113,
025301, (2014)]

 Interactions can turn a strong barrier into a weak one -
guantum state manipulation, transport across a barrier,
analog of Hawking effect, ...



Excited states of the many-body problem

 From exact diagonalization of the equivalent lattice problem

_ E :i' s (, 2miQ/Ns 1T '* ) . UBH, ( )
0.6 ——T— T 0.6 ———
eSO e eeoeeoeeoeead — [Tl
Eigenvalues w04 ""“*---¢...\ ] SMTeeed envalues / Jd
. . — | i T | 4
vs Coriolis flux — r3* . S T genval
: 0.2k e ] S vs Coriolis flux
(small barrier) qubits ] whilr | barri
| favorable oo | unfavorable 'r—““‘- (arge arrler)
) DS, o L 0 T -
0 /4 T/ In/ n 0 /4 /2 an/ n
Q Q
Energy S e—— ' b ——e & Ratioof
difference A e P g ) N\.———1 energy gaps
between first g T o't 2|\ \-\\ I
excited and 0~ N o\
ground state . / : AN
3 IR ERETI B IR RRET R S AN N RATTI BN IR R T 2 IR RN TETI BRI NN TR BRI BN N R T 171 B S SRR RAT!
% 0 w0 10t 1wt e 0t 1kl 10t 10f [D. Agha,‘malyan’
U/t U/t M. Cominotti et

al, NJP (2015)]
A new type of qubit — macroscopic superposition
of current states



Transport across a barrier in
Interacting quantum gases

— FInite, Inhomogeneous systems «
— Arbitrary interactions «

Our idea : sloshing dipole mode to probe barrier
healing and renormalization in a confined geometry

=—>




Collective excitations in quantum
gases : high-precision tool

Collective-modes frequencies are measured with high
precision — information on
— eqguation of state

— superfluidity, vortices

— scale invariance
— beyond mean-field effects

normalized frequency f{=

" 2.0 15 10 05 00

Altmeyer et al PRL 91533040401 (2007)

Chevy et al PRL 88, 250402 (2002)



Kohn's theorem for the dipole mode

* In a purely harmonic trap 'V (x) = smwjix

the dipole sloshing mode has frequency wyq

2

 holds for arbitrary interactions

e not a compressional mode :
n(x,t) = no(x — xo(t))

e sSimmetry preperty, conseguence of the harmonic- trap
geometry :
equivalent to looking at the system from an
oscillating accelerated frame

A. Minguzzi PRA 64, 033604 (2001)



Exciting the dipole mode in a split
trap : quench protocol

<0 : 1D Iinteracting bosons at equilibrium in a split trap
(harmonic trap + thin barrier)

W

=0 : sudden shift of the split-trap position

W

.

e >0 : time evolution ?

N




Follow the center-of mass position xcn(t) = / dx x|n(x,t)

Quench dynamics
for small trap displacement

’ 2

with n(x,t) = N [das...deny|V (v, 2o, ...x N, 1)]?

ldeal gas solution

2Ax

Ax

T

A 1
NV
A =25

Jv

0 4n 87 127 167 207 24x

twn

at increasing barrier
strength:

— additional harmonics

- frequency shift of the
dipole mode -
violation of the Kohn's
theorem due to the
presence of the barrier



Weak interactions regime

» Gross Pitaevskii equation in a split trap

h? 1
——02 + \o(x) + §mw}2]:1:2 + gN|®|?| & = pud

2m

e Initial state : numerical evolution in imaginary times
under the pre-quench Hamiltonian

* Dynamics : numerical evolution in real times under
the post-quench Hamiltonian (shifted trap)

mczm(t) — /dx|<1>tf>’0(t§x)|2}(



Weak interactions regime

* Density profiles at increasing interaction strength

Non 1nteractmg Weakly mteractmg

5 : | (IN/Entn=3] | gN/Enly, = 30

<
5
e N z/t,
: | * Dipole frequency at
< | Increasing Iinteraction
3 10 pr e e 1 strength :
- i ]
3 é é
08 G | i tends to the bare harmonic
06 | value due to barrier

105 100 10! 10° Screening
q/Enby



InfFinitely strong interactions : exact

solution for the Full dynamics

Time-dependent Bose-Fermi mapping [Girardeau, Wright, PRL
(2000)]:

qJB(.I'l. LN T) — ngjgg.‘w‘gll(.!'j — .I'{:-)LIJF(.I'l. LN T)

— the cusp condition Is preserved in the dynamics

Note . exact solution of the quench dynamics for arbitrary
— barrier strength

— time evolution

— trap shift

Needs the solution of the time-dependent single-particle

problem : analytical expression [Busch et al, J. Phys. B 36 2553
(2003)]

e
- -'--.\I‘_i_'_/ Py — /,.- Jl-f--. _—

\'.
Y 2
\

il
!
/
\ /
Y 2 : 2 a




Center-of-mass evolution
of a Tonks-Girardeau gas

Exact quantum evolution in time — small
displacement, various barrier strengths

;n 1 \A

[) 4;- 8x 127 167 2

*‘ETWV\ANVWU

N=8

the dipolar
frequency increases
at increasing the
barrier strength

"0 4 8 12?1'16?1'2[}?1'\

}V\/\N\/\f\[\/\[\/\[\m

. 47 8m 127167 20m
teoy,

focuson A =1
(small barrier)



Tonks-Girardeau regime:
...prediction of parity effect

Dipole-mode frequency for a weak barrier U6 (x)

hwg = ETS — ETC = hy, + (UTC 1, [0TCY — (BTG 74, (TG
= hwq = hwy, + Cﬁ:x(|l-"f"h-"+1(0)|2 — |ﬁ"h-'*(0)|2)

.+ 4= for HO confinement, one of the two last
o B . : - - - :
~\ 1/ orbital vanishes in x=0 — parity effect :
\ / —forNodd: w; < wy,
\ —forN even: wqg > wy,

1
1 74
- -
= z F] ] :




Tonks-Girardeau regime:
..prediction of parity effect

Dipole-mode frequency for a weak barrier U6 (x)

fusa = BYS — E§S = huy + <@TG|%5|\DTG> (W5 s 5

/ 2
= hwq = hwy + Ug([1n+1(0 | — |Un(0)]7)
{ . for HO confinement, one of the two last
D N e : . . . _
~\ 1/ orbital vanishes in x=0 — parity effect :
\ / —forNodd: w; < wy,
\ - —forNeven: wg; > wy
Vs —

NI g ] Transport occurs at the
| 1 Fermi surface for a strongly
i correlated Bose gas —

| parity effect as signature

T 0 55 o5 of fermionization




Inhomogeneous Luttinger

« Slowly varying inhomogeneity : use the local-density approximation
for the harmonic confinement

h vs(2)

M=o [ da{on (@)K (@) (000 P+ 35 0:0(a)

 position-dependent Luttinger parameters

@)K (@) = hrn(a)/m 20— 0, u(n(z)

e to proceed analytically, Ansatz for the equation of state

5 wn) = gn GP
pu(n) = nn < p22

2
v <— Bethe ansatz () 1G

2m




~ Normal modes for the
inhomogeneous Luttinger liquid

 Mode expansion

93 t) zwjt 'I' 1w3t
Z 2% %) (@) rth! + g3 (),

B o0 _ mw; iw;jt T * —wjty
Op (2, 1) = ;’a 2hn(z) ((Pj( )e b — ¥; (z)e b:-’)
°° 1
| o LL Aptn. =
» Diagonal Hamiltonian : Ho~ = Zﬂ fw,; (bﬁ' bj + 2)
j‘:

 Mode amplitudes

AV oDE @) = oK @0s (0 DE @e(0) )

« Solution : Gegenbauer polynomials; dispersion :

(wj/wn)® = (5 + 1)(1 + jv/2)




Barrier renormalization with
Luttinger-Liquid theory

e The barrier is very localized — cannot be treated with LDA

Hy, = / dz Uy (x)p(x)

o — 00

e Integrating out the higher-energy density ﬂuctugtion modes :

HEL ~ 2n(0) UM cos[200(0) + 27?/ dz n(z)]

— OO

from the LL expression for theggﬂnsity operator

p(a) = [n(x) +0,0(x)/x] Y H1OEHHITIZn dn)

[=—o0



Barrier renormalization with
Luttinger-Liquid theory

e The barrier is very localized — cannot be treated with LDA

Hy, = /DO dx Ugd(z)p(x)

— 0

e Integrating out the higher-energy density fluctugtion modes
HEL 2?1(0008[26?0 (0) + 27 / dz n(z)]
— OO

e Barrier renormalization by quantum

fluctuations of the density:
N/c

. a\ kK 0 -~ —2K
U™ = Uy (0] cos(2 3°6;(0))[0) ~ Uo () (p(2)p(0)) ~ ||
k = K (0)vs(0) /wn R = Ko g T
» Ueff decreases at decreasing interactions " ;
* The exponent is different from the b

homogeneus case ! interaction strength



Barrier renormalization with
Luttinger-Liquid theory

e The barrier is very localized — cannot be treated with LDA

H, = f " de Upd(a)p(a)

. Integratir:gmout the higher-energy density fluctuati

HEL ~ 2n(0) UM cos[26,(0)

e Parity ?ﬁect ;
(="



Dipole mode frequency vs
interaction strength

 Main result — from Gross-Pitaevskii, Tonks Girardeau and
Luttinger |IG]UId theory

1.3 — Barrier
' T _f strength
: N =51}  Tonks-Girardeau A=1
<l : | * exact result
3 1.0 : ,
~— : ]
T : '
3 ; . .
0.8 | Phase-density duality : at
: Increasing interactions, barrier
0.6 renormalization decreases

10—3 | 10— | 101 | 103 Ueff _ UU (E)H
Ideal as limit N
J q/Eyn b,

The frequency shift is a direct measure of the competition of
barrier screening and renormalization by quantum
fluctuations Cominotti. Hekkinag. Minguzzi. PRA 93. 033628 (2015)



Numerical approach
for small trap displacement

Dipole-mode frequency from perturbation theory :

05”0 (1)) = exp(—iH 2t /h)[U5<0)
Ht<0 ~ %t;—zo + AII?@;BVB];’}EU

o0 qjt;(] 6$Vt;0 \Ijt;(}
|qjg<0> _ |\IJEEU>_I_A$Z< k | ext | 0 >

J1>0
k=0 (ESEO_EEEO) | ' >

= wa= (BP° - EZ°)/h

Ground and first-excited state from numerical diagonalization
— arbitrary interactions



Exact diagonalization method

Determine to high accuracy the ground- and first- excited
state of the many-body Hamiltonian

NoooR2 92 1 g al
— _ - Upd 7 _
H ;;=Z1 2 32% 00(x;) + mwhaj 2 Zz T — ;)

 represented on the basis of the single particle problem

* truncated Hilbert space :

N # particles —> Hilbert
S # states space

Jlize (S+N—1

Number of particles limited to N< 10

Importance of Luttinger Liquid theory to
treat larger N — need of benchmark




Dipole mode frequency vs
interaction strength

Exact diagonalization results for N=4 and 5

137 . . Barrier
L opp N =4 strength
& N =5 A=1
510 Tonks-Girardeau
3 : / exact result
.. 0.8} _:
ldeal gas limit | ;
o~ (D) o berking, M
) 6 E . . ; ominotti, Hekking, Minguzzi,
100Y 109 101 102 PRA93, 033628 (2015)
9/ Enty

» Parity effect at large interactions : an effect of correlations
* Nontrivial frequency shift with interaction strength ...
— parrier screening and renormalization



Effect of non-centered barrier

 Dipole-mode frequency from Tonks-Girardeau and Luttinger
liquid theory

centered barrier, frequency  non-centered barrier, frequency

VS interaction strength Vs disan efram ¢
; N=4 |
- ED
z_ N=5
§ E
310Fcw f LY NN S
~— :
7.0 2] MM
0.8
0.6 &=

Oscillatory behaviour vs barrier distance, 'particle-counting
effectt — well accounted for by the Luttinger-liquid theory

Cominotti, Hekking, Minguzzi, PRA 93, 033628 (2015)



...and at finite temperature ?

« Exact solution for the quench dynamics at finite temperature

using the thermal Bose-Fermi mapping

» Dipole frequency from a Fourier analysis of zcy (t)

1.3 = .
(V=2
i V =0
; __ Both even-like
LO Fooemmemme o and odd-like
3 ontributions
0.8
0.6 fe=

100 10° 100 1020 | 353 4 5
Q/Ehfh A’TBT/Eh

Cominotti, Hekking, Minguzzi, PRA 93, 033628 (2015)



Spectral function at finite T

» Understanding the frequency contributions to the
center-of-mass motion at finite temperature

|Re[dzom(w)]ffrom exact dynamical evolution (on a finite time)
|Re[6xcm(w)]|
04,

kpT/En = 3

0.3}

=
\3\ 1.0 R e PP PR :
& 0.2
3 0.8 .
I 12 radlen
kpT'/ By, Linear response“theory:
Vp(z,t) = 0(t )&m(mwﬁerUDé’( ) dxopm(w) = /d:r: m/dm’x(m,m’;w}Vp(fs’,M)
x (7" w) = (L/h) )5 () k(@) 0k ()3 (2') f (25)[L = f (ew)]
J#k

1 | Parity effect still visible
o ((w —(ek—e5)/R) +ie (@ + (ek—25)/P)) +i£) at finite temperature !




Conclusions

1.0 =
* Persistent currents and 0sF—
dipole modes as a powerful 0]
tool to explore effects of Toal
quantum fluctuations 02}

1.3 e
LL iy = 51]
£ ==+
2 1.0 I I S—
3 0.8 é
N = 50, 51 g
0.6 e s (a)é s . . :
100 10t 10! 103100 10° 10t 1020
9/ Enty g9/Enty /0,
« Competition between barrier  Parity effect due to
screening at weak interactions onset of strongly
and renormalization at strong correlated regime &

Interactions fermionization



Outlook

» Persistent currents : beyond the strictly 1D regime,
INk to experiments

» Dipole oscillations : beyond the small-shift regime
— damping ?
— dynamics at long times ?

» Extensions : fermions, dipolar gases,
multicomponents,...
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Scaling of parity gap with size
* The parity effect vanishes in the thermodynamic limit

 From the Tonks-Girardeau solution :
(wq —wp| < 1/VN

L9 '_'_I | 1ncreasmg)\ | TG
[ . m Neven |

: _ e Nodd 1 Effective barrier :
* increasingA 1 similar results at
0 20 40 60 80 100 larger Nwitha
N larger barrier
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