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Introduction

The center of mass in Newtonian gravity

o Field equation —Au = 47p in R3,
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The center of mass in Newtonian gravity

o Field equation —Au = 47p in R3,
o u € C?(R3) is the gravitational potential, p: R — R the
mass density, p € L}(R3).
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Introduction

The center of mass in Newtonian gravity

o Field equation —Au = 47p in R3,
o u € C?(R3) is the gravitational potential, p: R — R the
mass density, p € L}(R3).

e Total mass: m = /3 p(X)dpl.
R
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Introduction

The center of mass in Newtonian gravity

Field equation —Au = 47p in R3,
u € C?(R3) is the gravitational potential, p : R — R, the
mass density, p € L}(R3).

Total mass: m:/ p(X)dpl.

R3

(]

If p # 0, the center of mass C is
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Introduction

The center of mass in Newtonian gravity

Field equation —Au = 47p in R3,
u € C?(R3) is the gravitational potential, p : R — R, the
mass density, p € L}(R3).

Total mass: m:/ p(X)dpl.

R3

(]

If p # 0, the center of mass C is

Remark: [z3 X p(X)du® may not converge for p € L*.
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General Relativity

e Spacetime: manifold (A, ~) where 7 is a Lorentzian metric,
ie. Sgn(f)/) - (_7 =+, +, +)'
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Introduction

General Relativity

e Spacetime: manifold (A, ~) where 7 is a Lorentzian metric,
ie. Sgn(f)/) - (_7 =+, +, +)'
e Einstein equations. G, = 87T,
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Introduction

General Relativity

e Spacetime: manifold (A, ~) where 7 is a Lorentzian metric,
ie. sgn(y) = (—,+,+,+),

e Einstein equations. G, = 87T,

° Gy =Ry — %R’ym, + Ay Einstein tensor of 7y,

® T,,: Energy-momentum tensor.
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Introduction

General Relativity

e Spacetime: manifold (A, ~) where 7 is a Lorentzian metric,
ie. sgn(y) = (—,+,+,+),

e Einstein equations. G, = 87T,

° Gy =Ry — %R’ym, + Ay Einstein tensor of 7y,

® T,,: Energy-momentum tensor.

@ Schwarzschild spacetime (N, Ym) with mass m > 0:

N =R x (R*\ {0,m/2}),
2
1-x m\*
m=—|—2%| dt? (1 ) 5
7 (1 + g’) )0
where § = dx? + dy? + dz? is the Euclidean metric.
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Introduction

General Relativity

e Spacetime: manifold (A, ~) where 7 is a Lorentzian metric,
ie. sgn(y) = (—,+,+,+),

e Einstein equations. G, = 87T,

° Gy =Ry — %R’ym, + Ay Einstein tensor of 7y,

® T,,: Energy-momentum tensor.

@ Schwarzschild spacetime (N, Ym) with mass m > 0:

Nm =R x (R*\ {0,m/2}),
2
1-2 m\*
m=—|—2) dt? (1 ) 5
K (1 + g’) Ut
where § = dx? + dy? + dz? is the Euclidean metric.
o Spherical symmetry... but (t,0) ¢ Np.
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@ Isolated and hyperbolic systems in General Relativity
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Isolated and hyperbolic systems in General Relativity

Initial data sets in General Relativity

o Let M® — (N*, ) spacelike; induced geometric data (g, k),
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Initial data sets in General Relativity

o Let M® — (N*, ) spacelike; induced geometric data (g, k),

@ g is the induced (Riemannian) metric on M and k is the
extrinsic curvature tensor.
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Isolated and hyperbolic systems in General Relativity

Initial data sets in General Relativity

o Let M® — (N*, ) spacelike; induced geometric data (g, k),
@ g is the induced (Riemannian) metric on M and k is the
extrinsic curvature tensor.

@ 7 solves Einstein equations = (g, k) satisfies the Constraints

R(g) — 2\ — |k + (tr¥k)* = 167 T,
V'(kj — (tr8k)g;;) = 87 T,;.
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Isolated and hyperbolic systems in General Relativity

Initial data sets in General Relativity

o Let M® — (N*, ) spacelike; induced geometric data (g, k),
@ g is the induced (Riemannian) metric on M and k is the
extrinsic curvature tensor.

@ 7 solves Einstein equations = (g, k) satisfies the Constraints

R(g) — 2\ — |k + (tr¥k)* = 167 T,
V'(kj — (tr8k)g;;) = 87 T,;.

Choquet-Bruhat's Theorem (1952)

If (M3, g, k) satisfies the Constraints, then there exists a spacetime
(N*,7) solution of the Einstein equations G, = 87 T, in which
(M3, g, k) embeds as a spacelike hypersurface.
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Isolated and hyperbolic systems in General Relativity

Asymptotically Euclidean initial data

Initial data set (M, g, k) asymptotically Euclidean if there is
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Isolated and hyperbolic systems in General Relativity

Asymptotically Euclidean initial data

Initial data set (M, g, k) asymptotically Euclidean if there is
@ achart ¢ : M\ K — R3...
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Isolated and hyperbolic systems in General Relativity

Asymptotically Euclidean initial data

Initial data set (M, g, k) asymptotically Euclidean if there is
@ achart ¢ : M\ K — R3...

Figure : The end M\ K.
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Isolated and hyperbolic systems in General Relativity

Asymptotically Euclidean initial data

Initial data set (M, g, k) asymptotically Euclidean if there is
@ achart ¢ : M\ K — R3...
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Figure : The image on R3.
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Isolated and hyperbolic systems in General Relativity

Asymptotically Euclidean initial data

Initial data set (M, g, k) asymptotically Euclidean if there is
@ achart ¢ : M\ K — R3...
@ ... such that
|bug =8| < Crt, [Voug] < Cr 2, [V2o.g| < Cr 3,
|puk| < Cr2, |Vuk| < Cr3.
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Isolated and hyperbolic systems in General Relativity

Asymptotically hyperbolic initial data

Initial data set (M, g, k) asymptotically hyperbolic if there is
e achart ¢ : M\ K — H3 ~ B;(0) C R3...
@ ... such that
g — bl < C(1—r),...,
6kl < CL—r), ...
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Isolated and hyperbolic systems in General Relativity

Asymptotically hyperbolic initial data

Initial data set (M, g, k) asymptotically hyperbolic if there is
e achart ¢ : M\ K — H3 ~ B;(0) C R3...
@ ... such that
g — bl < C(1—r),...,
6kl < CL—r), ...

5 \2
o Hyperbolic space H® = (B;(0), b), with b = <1—r2> 9.
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Isolated and hyperbolic systems in General Relativity

Asymptotically hyperbolic initial data

Initial data set (M, g, k) asymptotically hyperbolic if there is
e achart ¢ : M\ K — H3 ~ B;(0) C R3...
@ ... such that
g — bl < C(1—r),...,
6kl < CL—r), ...

5 \2
o Hyperbolic space H® = (B;(0), b), with b = <1 — r2> 9.

@ The reference spacetime is Anti-de Sitter spacetime, and
A= -3
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Center of mass and foliations

A Hamiltonian definition for isolated systems
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Center of mass and foliations

A Hamiltonian definition for isolated systems

@ Defined for asymptotically Euclidean (M, g, k) with positive
mass (Beig-O Murchadha 1987, Szabados 2006).

Julien Cortier On the center of mass for asymptotically hyperbolic initial data s



Center of mass and foliations

A Hamiltonian definition for isolated systems

@ Defined for asymptotically Euclidean (M, g, k) with positive
mass (Beig-O Murchadha 1987, Szabados 2006).

1. . X
e Mass: m(¢,g8) = — I|r20/sr(dlv e —dtre) (r) ds;,
where e := ¢,g — 6.
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Center of mass and foliations

A Hamiltonian definition for isolated systems

@ Defined for asymptotically Euclidean (M, g, k) with positive
mass (Beig-O Murchadha 1987, Szabados 2006).

1 X
e Mass: m(¢,g8) = — ||r20/5r(dlve—dtre) (r) ds;,

where e := ¢,g — 6.
o Center of mass: &(¢,g) = (c!,c?,c3) € R3, where

. 1 .
c'= Tommm Jim_ . [ '(div e — d tre)

—e(Vx',-) + tre dx'} (’:) ds,.
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Center of mass and foliations

Foliations at infinity and CMC center for isolated systems

Theorem (Huisken-Yau, 1998)

If (M, g, k) asymptotically Euclidean with m > 0, there exists a
unique foliation by constant mean curvature 2-spheres of

M\K= ] Zu
HE(O,Hl)

where ¥ ; ~ S? and has mean curvature H € (0, Hi).
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Center of mass and foliations

Foliations at infinity and CMC center for isolated systems

Theorem (Huisken-Yau, 1998)

If (M, g, k) asymptotically Euclidean with m > 0, there exists a
unique foliation by constant mean curvature 2-spheres of

M\K= ] Zu
HE(O,Hl)

where ¥ ; ~ S? and has mean curvature H € (0, Hi).

1
o #(Xy) C R3 with center: Ey(¢p, g) = Tl /qs(z ))? ds.
g H
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Center of mass and foliations

Foliations at infinity and CMC center for isolated systems

Theorem (Huisken-Yau, 1998)

If (M, g, k) asymptotically Euclidean with m > 0, there exists a
unique foliation by constant mean curvature 2-spheres of

M\K= ] Zu
HE(O,Hl)

where ¥ ; ~ S? and has mean curvature H € (0, Hi).

1
o #(Xy) C R3 with center: Ey(¢p, g) = Tl /qs(z ))? ds.
g H

° ’_Ilimo cr(¢,g) = c(¢, g) (Huang 2008, Eichmair-Metzger,...)
—
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Center of mass and foliations

Foliations at infinity and CMC center for isolated systems

Theorem (Huisken-Yau, 1998)

If (M, g, k) asymptotically Euclidean with m > 0, there exists a
unique foliation by constant mean curvature 2-spheres of

M\K= ] Zu
HE(O,Hl)

where ¥ ; ~ S? and has mean curvature H € (0, Hi).

1
o #(Xy) C R3 with center: Ey(¢p, g) = Tl /qs(z ))? ds.
g H

° ’_Ilimo cr(¢,g) = c(¢, g) (Huang 2008, Eichmair-Metzger,...)
—

@ Advantage of this approach: the foliation {4}y is
geometric, i.e. does not depend at all on ¢ !
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Center of mass and foliations

Foliations at infinity and CMC center for isolated systems

22

23

BR(0)

Figure : Hypersurfaces ¢(X 1) and their affine centers in R3.
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

For hyperbolic systems, the mass is a vector p(¢, g) € R31. It is

positive if it is timelike, future-directed: p® > /323, (p)2.
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

For hyperbolic systems, the mass is a vector p(¢, g) € R31. It is
positive if it is timelike, future-directed: p® > /323, (p)2.

Theorem (Neves-Tian, 2010)

If (M, g, k) asymptotically hyperbolic with positive mass vector,
there exists a unique foliation by constant mean curvature
2-spheres of

M\K= |J Zu
HE(2,Hs)

where ¥ ; ~ S? and has mean curvature H € (2, Hs).
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

For hyperbolic systems, the mass is a vector p(¢, g) € R31. It is
positive if it is timelike, future-directed: p® > /323, (p)2.

Theorem (Neves-Tian, 2010)

If (M, g, k) asymptotically hyperbolic with positive mass vector,
there exists a unique foliation by constant mean curvature
2-spheres of

M\K= |J =u
He(2,H>)

where ¥ ; ~ S? and has mean curvature H € (2, Hs).

o #(Xy) C H3 not affine, but H3 embeds in R3!, affine.
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

o ¢(Xy) C H3 not affine, but H3 embeds in R3!, affine.
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

o ¢(Xy) C H3 not affine, but H3 embeds in R3!, affine.
o The affine center z;; € R3! of ¢(X 1) can be normalized as

cH(o,g) = H_ cwe,
’ZH|R3,1
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Center of mass and foliations

Foliations and CMC center for hyperbolic systems

o ¢(Xy) C H3 not affine, but H3 embeds in R3!, affine.
@ The affine center 2y € R3! of ¢(Xpy) can be normalized as
CH(¢> ) €H3

’ZH| 3,1

Theorem (Cederbaum, C., Sakovich 2015)

If (M, g, k) satisfies the assumptions of Neves-Tian's Theorem, we
have the convergence in H3

p($, &)

A, ol 8) = s e
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Center of mass and foliations

Thanks!
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