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Quantum Cosmology

Universe : U = (M,T ,A, g; ...Ψ,A, ω, ...)
Nothing := ∅, Minkowski, Kaluza-Klein, De Sitter,.....

Caveat : no choice of U is self-evident.
Take seriously the category of all the universes : No obvious
uniqueness of our universe. Existence of virtual universes.
Wheeler, de Witt : Mini/Midi-superpace.

Quantum tunneling (confusing, timeless) :

U1  U2, ∅ U, U ∅, ...

Witten 1985 : Kaluza-Klein  Bubble(s?) of Nothing.
Hawking 1987 : in quantum gravity, change of topology is possible ;
loss of quantum coherence coming from a wormhole.

Framework : Universe ex nihilo and ad nihil :

∅
t→−∞
←− U

t→+∞
−→ ∅

Issue : propagation of the classical and quantum waves.
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Naive building
Take the space R3

x and remove a ball of radius R(t) =
√

1 + t2

M =
⋃
t∈R

{t} × [R(t),∞[r×S2.

r

t

M̊

B

Ball

of

Nothing

Trouble : time-like boundary B (Archytas argument).
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Space {t} × [R(t),∞[×S2, Bubble {t} × {R(t)} × S2

{t} × × S2
0 R(t) =

√
1 + t2

•

To avoid any boundary :

to add two points {N,S} :

{t} × [R(t),∞[×S2 × {N,S}, identifying N and S at R(t).

{t} × × S20
N

S

• Lorentzian Hawking Wormhole

to add a torus S1 :

{t} × [R(t),∞[×S2 × S1, identifying the points of S1 at R(t).

{t} × × S20
S1• Witten Space-Time
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Topology

N

S

Equatorial Section : {t} × [R(t),∞[×
(
{θ = π/2} × S1

)
× {N,S}

Hawking Wormhole : Rt × R × S2. Throat : Rt × {0R} × S2.
Witten Space-Time : Rt × R2 × S2. Bubble of Nothing : Rt × {0R2 } × S2.
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Metrics
Witten method : double analytic continuation. Schwarzschild 5D :

ds2 =

(
1 −

R2

ρ2

)
dT2 −

(
1 −

R2

ρ2

)−1

dρ2 − ρ2
(
dΘ2 + sin2 ΘdΩ2

2

)
, ρ > R ,

T = iψ, ψ ∈ S1, Θ =
π

2
+ it , t ∈ R

ds2
Witten := ρ2dt2 −

(
1 −

R2

ρ2

)−1

dρ2 − ρ2 cosh2 t dΩ2
2 −

(
1 −

R2

ρ2

)
dψ2

Einstein Vacuum Solution.
Submanifold {ψ = 0, π} = Lorenzian Hawking WormholeW :

ds2
W

= ρ2dt2 −

(
1 −

R2

ρ2

)−1

dρ2 − ρ2 cosh2 t dΩ2
2 (on two sheets).

{ρ = R} = Minimal surface = Bubble of Nothing = Throat of the
Wormhole = 3D-De Sitter space :

ds2
dS3 := R2

[
dt2 − cosh2 t dΩ2

2

]
.
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Witten space-time : coordinates ad nauseam
Asymptotically Kaluza-Klein.
Rindler : τ := ρ sinh t , ξ := ρ cosh t , M : τ ∈ R, ξ >

√
τ2 + R2

ds2
Witten = dτ2 − dξ2 − ξ2dΩ2

2 − dψ2 +
R2

ξ2 − τ2

{
dψ2 −

(τdτ − ξdξ)2

ξ2 − τ2 − R2

}
Smoothness and Global Hyperbolicity (R = 1).

y :=

√
ρ2 − 1eρ

1 + ρ
cosψ, z :=

√
ρ2 − 1eρ

1 + ρ
sinψ,

ρ =
1
2

W
(

+2
−2 , y

2 + z2
)

= 1 − 2
∞∑

n=1

L ′n(4n)

ne2n (y2 + z2)n

M = Rt × R2
y,z × S2.

ds2
Witten = ρ2dt2 −

(1 + ρ)2

ρ2 e−2ρ(dy2 + dz2) − ρ2 cosh2 t dΩ2
2,

Bubble of Nothing ρ = 1, y = z = 0, ds2
dS3 := dt2 − cosh2 t dΩ2

2.
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√
ρ2 − 1 = sinh x, M = Rt × [0,∞[x×S2 × S1

ds2
Witten = cosh2 x

[
dt2 − dx2 − cosh2 t dΩ2

2 −
sinh2 x

cosh4 x
dψ2

]

T :=
ρ +

√
ρ2 − 1

2
sinh t , X :=

ρ +
√
ρ2 − 1

2
(cosh t)Ω2 ∈ R3

M =
⋃
T∈T

{T } ×
{

X ∈ R3, | X |2≥ T2 +
1
4

}
× S1

ψ

ds2
Witten =

(
1 +

1
4(| X |2 −T2)

)2 {
dT2 − dX2 − f(| X |2 −T2)dψ2

}
.

f(s) = 16s2 [4s − 1]2

[4s + 1]4

Bubble of Nothing : x = 0, | X |2= T2 +
1
4
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Hawking Wormhole
W : submanifold {ψ = 0, π}, or {z = 0} of M

W = Rt × Ry × S2

ds2
W

= ρ2dt2 −
(1 + ρ)2

ρ2 e−2ρdy2 − ρ2 cosh2 tdΩ2
2, ρ =

1
2

W
(

+2
−2 , y

2
)

W = Rt × Rx × S2

ds2
W

= cosh2(x)
[
dt2 − dx2 − cosh2 tdΩ2

2

]
.

W =
⋃
T∈R

{
(T ,X), | X |2≥ T2 +

1
4

}2

/

{
(T ,X), | X |2= T2 +

1
4

}

ds2
W

=

(
1 +

1
4(| X |2 −T2)

)2 {
dT2 − dX2

}
Throat=Bubble of Nothing : y = 0, x = 0, | X |2= T2 + 1

4 .
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W′
0

Ball
of

Nothing

Ball
of

Nothing

W′′
0

dS3 dS3

Figure: Penrose Conformal Diagram of the Hawking Wormhole. A ball of nothing
is removed from two copies of the Minkowski spacetime. The two De Sitter
boundaries dS3 are identified to form the throat of the wormhole.
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Geometry of the Wormhole

ds2
W

=

(
1 +

1
4(| X |2 −T2)

)2 {
dT2 − dX2

}
Conformally flat

Ricci Scalar R = 0.

Violation of the Null Energy Condition

Tµν :=
1
2

Rgµν − Rµν

V = ∂0 ± ∂j

TµνVµVν =
−4(T ∓ X j)2(

| X |2 −T2 + 1
4

)2
(| X |2 −T2)

< 0

→ Exotic matter-energy...
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Classical propagation : Heuristics

Mechanical analogy :
Bubble of Nothing↔ Expanding Accelerating Piston
Time-like / Light-light geodesics↔ Massive / Massless particles

Massless Particle : a unique collision.
Massive Particle : infinity of collisions.

Time-like geodesics : bounded and periodic.
Light-like geodesics : go to infinity.

Massive fields : asymptotically almost periodic profile.
Massless fields : asymptotically free profile.

Issue : meaning of “massive” and “massless”.
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Geodesics

Let γ be a causal geodesic inM. Then ṫ(λ) , 0, t(R) = R. ω(R) is
included in a half of a great circle of S2 and there exists
limλ→±∞ ω(λ).

Two points (t0, yk , zk ;ωk ) ∈ R3 × S2, k = 1, 2, are causaly
disconnected in the future if the distance between ω1 and ω2 on S2

is larger than 2π − 4 arctan
(
et0

)
.

If γ is time-like, then ρ is a bounded function of λ.

If γ does not hit the bubble of nothing ρ = R, then ψ(R) = S1.

If γ hits the bubble of nothing but does not stay on it, then ψ(R) is a
pair of two antipodal points. In this case (y(λ), z(λ)) delineates,
either a whole straight line crossing (0, 0) when γ is null, or a
straight segment crossing the origin in its middle when γ is time-like,
and then y and z are λ-periodic.

There exists causal (null or time-like) geodesics that stay on the
bubble of nothing.
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Killing vectors fields ξµ :

∂

∂ϕ
,
∂

∂ψ
, cosϕ

∂

∂t
− tanh t sinϕ

∂

∂ϕ
, sinϕ

∂

∂t
+ tanh t cosϕ

∂

∂ϕ

Conserved currents ξµẋµ :

Kϕ :=
(
ρ2 cosh2 t

)
ϕ̇, Kψ :=

(
1 −

R2

ρ2

)
ψ̇

K ′t = ρ2
(
ṫ cosϕ + ϕ̇ sinh t cosh t sinϕ

)
, K ′′t = ρ2

(
ṫ sinϕ − ϕ̇ sinh t cosh t cosϕ

)
ρ̇2 + K2

ψ +

(
1 −

R2

ρ2

) K2
ϕ − K ′2t − K ′′2t

ρ2 + E

 = 0, E = gµνẋµẋν

Geodesics equation (z = 0, θ = π/2) :

ÿ −
ρ

ρ + 1
yẏ2W ′

(
+2
−2 , y

2
)

+ E
y
ρ

(
ρ + 1
ρ + 2

)2

= 0, ρ =
1
2

W
(

+2
−2 , y

2
)
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Klein-Gordon equation

| det(g) |−
1
2 ∂µ

(
| det(g) |

1
2 gµν∂νu

)
+ M2u = 0, M ≥ 0[

∂2
t + 2 tanh t∂t −

1

cosh2 t
∆S2 + HM

]
u = 0,

Witten space-time (with R = 1, ρ = 1
2 W

(
+2
−2 , y

2 + z2
)

= cosh x) :

HM = −
e2ρρ

(1 + ρ)2

[
∂y

(
ρ3∂yu

)
+ ∂z

(
ρ3∂zu

)]
+ M2ρ2 on R2

y,z

HM = −
1

sinh(2x)
∂x (sinh(2x)∂x)−

cosh4 x

sinh2 x
∂2
ψ+M2 cosh2 x on ]0,∞[x×S1

ψ,

Hawking wormhole :

HM = −
1

cosh2 x
∂x

(
cosh2 x∂x

)
+ M2 cosh2 x on Rx ,

dS3 (Bubble of Nothing , Throat of Wormhole) :

HMu = M2u
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Energy, Witten space

Σt = {t} × R2
y,z × S2 = {t}×]0,∞[x×S1 × S2.

E(t) =

∫
Σt

[
| ∂tu |2 +

ρ4e2ρ

(1 + ρ)2 | ∇R2 u |2 +
1

cosh2 t
| ∇S2 u |2 +M2ρ2 | u |2

]
dµ

dµ =
(1 + ρ)2

ρ
e−2ρdy dz dΩ2 =

1
2

sinh(2x)dx dψ dΩ2.

d
dt

E(t) = −2 tanh t
∫

Σt

[
2 | ∂tu |2 +

1

cosh2 t
| ∇S2 u |2

]
dµ
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Functional Framework, Witten space

‖u‖2Y1 :=

∫
Σ

[
ρ4e2ρ

(1 + ρ)2 | ∇R2 u |2 + | ∇S2 u |2 +ρ2 | u |2
]

dµ

X0 := L2(Σ, dµ), Y1 :=
{
u ∈ X0, ‖u‖Y1 < ∞

}
, Y1 ⊂⊂ X0

‖u‖2W1 :=

∫
Σ

[
ρ4e2ρ

(1 + ρ)2 | ∇R2 u |2 + | ∇S2 u |2
]

dµ, W1 ↪→ X0

X0
0 :=

{
u ∈ X0, y∂zu − z∂yu = 0

}
, X0

⊥ :=
(
X0

0

)⊥
, W1

∗ := W1∩X0
∗ , ∗ = 0,⊥

W1
⊥ ↪→ Y1 :

∫
Σ
ρ2 | u |2 dµ ≤

∫
Σ

ρ4e2ρ

(1 + ρ)2 | ∇R2 u |2 dµ

W1
0 ↪→ X0 :

∫
Σ

[
1 +

1
4x2 −

1

sinh2(2x)

]
| u |2 dµ ≤

∫
Σ

ρ4e2ρ

(1 + ρ)2 | ∇R2 u |2 dµ
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Cauchy problem, Witten space

X1 := W1 when M = 0, X1 := Y1 when M > 0

X1
0 := X1 ∩ X0

0 , X1
⊥ := X1 ∩ X0

⊥

Existence and uniqueness of the solution of the global Cauchy Problem
in

C0
(
Rt ; X1

)
∩ C1

(
Rt ; X0

)
C0

(
Rt ; X1

0

)
∩ C1

(
Rt ; X0

0

)
C0

(
Rt ; X1

⊥

)
∩ C1

(
Rt ; X0

⊥

)
Proof : Leray, Lions, Kato,....
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Spectral analysis on R2
y,z

HM = −
e2ρρ

(1 + ρ)2

[
∂y

(
ρ3∂yu

)
+ ∂z

(
ρ3∂zu

)]
+M2ρ2 on R2

y,z with natural domain

HM = −
1

sinh(2x)
∂x (sinh(2x)∂x)−

cosh4 x

sinh2 x
∂2
ψ+M2 cosh2 x on ]0,∞[x×S1

ψ

HM,n = −
1

sinh(2x)

d
dx

(
sinh(2x)

d
dx

)
+

cosh4 x

sinh2 x
n2 +M2 cosh2 x on ]0,∞[x

Effective mass: µ :=
√

M2 + n2. µ > 0⇒ σ(HM,n) = σp(HM,n) ⊂]1,∞[

L = −
1

sinh(2x)

d
dx

(
sinh(2x)

d
dx

)
on L2(]0,∞[; sinh(2x)dx)

Domain : u, u′, Lu ∈ L2(]0,∞[; sinh(2x)dx), lim
x→0

u′(x) = 0

L is selfadjoint, σ(L) = σac(L) = [1,∞[, generalized eigenfunctions

w(λ, ; x) =
2

π sinh(2x)
tanh

(
π
√
λ − 1

)
QQQ i
√
λ−1

− 1
2

(coth(2x))
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Klein-Gordon equation in dS3

∂2
t v + 2 tanh t∂tv −

1

cosh2 t
∆S2 v + λv = 0 on Rt × S2, λ > 1

v ∈ C0(Rt ,H1(S2)) ∩ C1(Rt , L2(S2)), v(t ,Ω2) =
∑

l,m vl,m(t)Yl,m(Ω2)

v ′′ + 2 tanh(t)v ′ +
l(l + 1)

cosh2 t
v + λv = 0

w(t) := (cosh t)v(t)

w′′ + (λ − 1)w +
l(l + 1)

cosh2 t
w = 0 (Pöschl − Teller)

w(t) = A+Pi
√
λ−1

l (tanh t) + A−Pi
√
λ−1

l (− tanh t)

A± =
2−i
√
λ−1

2
√
π

[
Γ

(
l
2

+ 1 −
i
2

√
λ − 1

)
Γ

(
1
2
−

l
2
−

i
2

√
λ − 1

)
w(0)

±
1
2

Γ

(
l + 1

2
−

i
2

√
λ − 1

)
Γ

(
−

l
2
−

i
2

√
λ − 1

)
w′(0)

]
.
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Kaluza-Klein Tower in Witten space

µ > 0⇔ M > 0 or u ∈ C0(Rt ; X0
⊥)

u(t , x,Ω2, ψ) =
∑

k ,l,m,±

A±k ,l,m,n
cosh t

P
i
√
λn,k−1

l (± tanh t)Yl,m(Ω2)wn,k (x)e inψ,

[
−

1
sinh(2x)

d
dx

(
sinh(2x)

d
dx

)
+

cosh4 x

sinh2 x
n2 + M2 cosh2 x

]
wn,k = λn,k wn,k

µ = 0⇔ M = 0 and u ∈ C0(Rt ; X0
0 )

u =
2
π

lim
A→∞

(
1

sinh(2x)

) 1
2
∫ A

1
û(λ; t ,Ω2) tanh

(
π

2

√
λ − 1

)
QQQ

i
2

√
λ−1

− 1
2

(coth(2x)) dλ

û(λ; t ,Ω2) =
1

cosh t

∑
l,m,±

A±l,m(λ)Pi
√
λ−1

l (± tanh t)Yl,m(Ω2),
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Scattering
Profile : v(t , .) := cosh(t)u(t , .), Pv = 0 :

P = ∂2
t −

1
sinh(2x)

∂x (sinh(2x)∂x)−
1

cosh2 t
∆S2−

cosh4 x

sinh2 x
∂2
ψ+M2 cosh2 x−1

P∞ = ∂2
t −

1
sinh(2x)

∂x (sinh(2x)∂x) −
cosh4 x

sinh2 x
∂2
ψ + M2 cosh2 x − 1

E∞(v , t) =∫
Σt

[
| ∂tv |2 + | ∂xv |2 +

cosh4 x

sinh2 x
| ∂ψv |2 +(M2 cosh2 x − 1) | v |2

]
dµ

Existence of symptotic profiles vin(out),

P∞vin(out) = 0, v(t) ∼ vin(out)(t), t → ±∞

Wave Operators Ωin(out) : v 7→ vin(out)

Scattering Operator S : vin 7→ vout

Quantization
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Asymptotics in dS3

w(t) := A+Pi
√
λ

l (tanh t) + A−Pi
√
λ

l (− tanh t), λ > 0, l ∈ N

∣∣∣∣∣w(t) −
(
w+

in(out)e
it
√
λ + w−in(out)e

−it
√
λ
)∣∣∣∣∣→ 0, t → −∞ (t → +∞)

w−(+)

in(out) =
1

Γ(1 − i
√
λ)

A−(+), w+(−)

in(out) = (−1)l Γ(l + 1 + i
√
λ))

Γ(l + 1 − i
√
λ)Γ(1 + i

√
λ)

A+(−)

NO REFLECTION : w±out = (−1)l Γ(1 ± i
√
λ)

Γ(1 ∓ i
√
λ)

Γ(l + 1 ∓ i
√
λ)

Γ(l + 1 ± i
√
λ)

w±in(
tanh

√
λ
) [

(l + 1 +
√
λ) | w(0) |2 +(l + 1 +

√
λ)−1 | w′(0) |2

]
.

.
√
λ
[
| w+

in(out) |
2 + | w−in(out) |

2
]
.

.
(
coth

√
λ
) [

(l + 1 +
√
λ) | w(0) |2 +(l + 1 +

√
λ)−1 | w′(0) |2

]
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Theorem
Let v be a solution in C0(Rt ; X1) ∩ C1(Rt ; X0).

There exists unique vin(out) ∈ C0(Rt ; Ẋ1) ∩ C1(Rt ; X0) such that

E∞
(
v − vin(out), t

)
→ 0, t → −(+)∞.

The wave operators v 7→ vin(out) are one-to-one and we have

E∞ (vout ) = E∞ (vin) .

Effective mass > 0 : v is asymptotically almost periodic

Effective mass = 0 : v is dispersive :√
sinh(2 | x |)
| x |

v(t , x =| x |,Ω2) ∼ Win(out)(t , x,Ω2), t → −(+)∞,

∂2
t Win(out) −∆R2 Win(out) = 0 in Rt × R2

x × S2
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Quantization
v ↔ vl,m(λ), (l,m) ∈ I, λ ∈ Λ, µ > 0⇒ Λ discret , µ = 0⇒ Λ = [a,∞[

(v , ∂tv) ∈ E := L2(I × Λ; | λ |
1
2 δl,m ⊗ dλ) × L2(I × Λ; | λ |−

1
2 δl,m ⊗ dλ)

σ ((v1, v ′1); (v2, v ′2)) =

∫
I×Λ

v1v ′2 − v ′1v2 δl,mdλ

E = Epos ⊕ Eneg, (v , v ′) ∈ Epos(neg), U(t)(v , v ′) = e+(−)i|λ|
1
2 t (v , v ′)

(vin, v ′in) ∈ Epos(neg), (vout , v ′out ) = S((vin, v ′in)) ∈ Epos(neg).

vout;l,m(λ) = (−1)l Γ(1 + (−)i
√
λ)

Γ(1 − (+)i
√
λ)

Γ(l + 1 − (+)i
√
λ)

Γ(l + 1 + (−)i
√
λ)

vin;l,m(λ)

Theorem
The Scattering operator S is unitarily implementable in the Fock-Cook
quantization of (E,U, σ), and the quantized Scattering operator lets
invariant the Fock vacuum.

NO CREATION OF PARTICLE !
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Resonances
Effective Mass µ = 0

Scattering Amplitude Sl,m(λ), λ ∈ (0,∞)

Sl,m :
√
λ 7−→ (−1)l Γ(1 + (−)i

√
λ)

Γ(1 − (+)i
√
λ)

Γ(l + 1 − (+)i
√
λ)

Γ(l + 1 + (−)i
√
λ)

Simple Pole
√
λ = +(−)(n + 1)i, 0 ≤ n < l.

Vanishing profiles :

v(t , x,Ω2) = P±i(n+1)
l (tanh t)Yl,m(Ω2)QQQ

± n+1
2

− 1
2

(coth(2x))

∣∣∣∣Pi
√
λ

l (± tanh t)
∣∣∣∣ . (cosh t)−n−1.
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Hawking Wormhole
profile v(t , x,Ω2) := cosh(t) cosh(x)u(t , x,Ω2),[

∂2
t − ∂

2
x −

1

cosh2 t
∆S2 + M2 cosh2 x

]
v = 0, x ∈ R

0 < M, wk ” + M2(cosh2 x)wk = λk wk

v(t , x,Ω2) =
∑

k ,l,m,±

A±k ,l,mwk (x)Yl,m(Ω2)Pi
√
λk

l (± tanh t)

M = 0, v(t , x,Ω2) =
1
2π

∑
l,m,±

Yl,m(Ω2) lim
A→∞

∫ A

−A
e ixξPi|ξ|

l (± tanh t)A±l,m(ξ)dξ,

T = e |x | sinh t , X = e |x | cosh tΩ2, u±(T ,X) =
(
1 + e−2|x |

)
u(t , x,Ω2), ±x ≥ 0.

∂2
T u± −∆R3

X
u± = 0 in | X |2 −T2 > 1/4

u+ = u−, T∂T u++X .∇X u+ = −T∂T u−−X .∇X u− when | X |2 −T2 = 1/4.
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Scattering by Wormhole[
∂2

t − ∂
2
x + M2 cosh2 x

]
vin(out) = 0, in Rt × Rx × S2

E∞(v) :=

∫
R×S2

| ∇t ,xv |2 +M2 cosh2(x) | v |2 dxdΩ2.

Theorem

E∞(v(t) − vin(out)(t))→ 0, t → −(+)∞, E∞(vin) = E∞(vout )

0 < M : v is asymptotically almost periodic
Massive fields trapped near the throat : wormhole NOT traversable
by the massive fields.
M = 0 : v(t , x,Ω2) ∼ v+

in(out)(x + t ,Ω2) + v−in(out)(x − t ,Ω2)

The wormhole IS TRAVERSABLE by the massless fields.
Diagonal Unitary Scattering Operator : NO mixing positive/negative
frequencies.
Quantum transparence : NO creation of particle.
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Concluding Remarks

Stability of the Witten solution.

Kerr Bubble of Nothing (disappearing).

Bubble of Nothing and Wormhole in Brane Cosmology.

Bubble(s) of Nothing + Black-Hole(s) / Black-String(s) solution.

Bubble Bath Solution.

Detector of particles.
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